When constructing large robotic manipulators or space structures, it is advisable to begin with a small-scale prototype on which to perform the design, analysis, and debugging. To ensure that the results obtained on the scalemodel apply directly to the actual manipulator, it is necessary that the prototype and the original robot are dynamically equivalent. As an initial investigation, this paper examines the single exible link (SFL) manipulator. Dimensional analysis is used to identify the nondimensional groups for the SFL. These groups are present in the corresponding nondimensional equations of motion, which are also derived. To account for inherent manufacturing imprecision, tolerances are developed for the nondimensional groups. Scaling laws for continuous-time and discrete-time controllers are developed for dynamically equivalent SFL systems. These theoretical scaling laws are veri ed experimentally for an H 1 and a PD control strategy.
I. Introduction
A common shortfall in the design of robotic manipulators occurs while constructing a small prototype model. Frequently, the dynamics of the prototype model are not related to those of the actual system. In other words, the model and actual system do not always exhibit dynamic equivalence. Thus, the results obtained on the prototype model cannot be directly applied to the actual manipulator.
Establishing the conditions which de ne dynamic equivalence for a general manipulator would assist in the construction of correct prototype robots. Since robotics and control systems are interrelated, given a controller designed for the prototype model, a scaling law must also be determined so that the control law can be scaled to apply to the actual system. With the conditions for dynamic similitude and the control law scaling relations, analysis, design, and evaluation can be done on \inexpensive" small scale prototypes with the knowledge that the results obtained will be directly applicable to the actual system.
The testbed for this initial research will be the single exible link (SFL) manipulator. Dimensional analysis is used to determine the nondimensional groups which characterize the dynamics of the SFL system. Because of manufacturing imprecision, it is impossible to build two systems which are exactly dynamically equivalent, hence, tolerances are de ned for the nondimensional groups in order to determine whether or not two systems exhibit nearly similar dynamics. A continuous-time (CT) scaling law is developed for frequency domain controllers so that a nondimensional CT controller can be scaled to apply to any one of the dynamically equivalent manipulators. Because controllers are frequently implemented via di erence equations on a computer, a discrete-time (DT) scaling law is also developed.
Two dynamically equivalent SFL manipulators are constructed in order to test the applicability of the theoretical CT and DT scaling laws. As an example of how the CT scaling law applies to even sophisticated control techniques, a nondimensional two-parameter H 1 controller is designed, scaled using the CT scaling law, and then applied to the two dynamically equivalent SFL systems. The DT scaling law is veri ed by scaling a PD controller from one system to the other dynamically equivalent system. For both scaling laws, simulation and experimental validation con rmed that the scaled controllers were able to control their respective systems with the predicted results.
II. Dimensional Analysis
Using dimensional analysis techniques, the nondimensional variables which characterize the dynamic behaviour of a system can be determined without explicitly developing the equations of motion. This approach is frequently used in uid mechanics in the analysis of uid ow properties 1]. The Buckingham Pi Method 2] is a dimensional analysis tool which provides a systematic method of determining the nondimensional groups, called groups, which characterize the behaviour of a physical phenomenon. The three fundamental units: mass ( M] To illustrate the method, the nondimensional groups which characterize the dynamics of the SFL will be determined.
A. Groups for a SFL There are 7 parameters which a ect the SFL dynamics: link length(L), linear mass density(^ ), link sti ness(EI), hub inertia (I h ), time scaling frequency( ), inertial damping factor(a 1 ) and sti ness damping factor(a 2 ). Hence, n = 7, and the equation of motion is, (L;^ ; EI; I h ; ; a 1 ; a 2 ) = 0
(1) The problem is to solve for the exponents in (2) to make each group nondimensional. In this problem, the values of four exponents can be assigned arbitrarily. Each di erent set of four arbitrary variables selected will result in a di erent set of four groups, however, the di erent sets of groups obtained are all related by a matrix transformation 3]. In terms of fundamental units i is,
The exponent for each fundamental unit must be zero since the group is nondimensional. Collecting the exponents for M]; L]; and T], gives the following three equations: The matrix equation corresponding to all four groups can be found by varying i from 1 to 4 in (3), to give, M 3 4 = P 4 4 Let V be the matrix obtained by stacking P above M. Then, each column of V contains the exponents corresponding to each group i (2) . Furthermore,
The groups obtained are independent if no group can be obtained by a linear combination of the remaining groups. Equivalently, if V has a rank of 4, then four independent groups are obtained. From (4), this condition is met if P is non-singular, since, rank(V ) = min rank I ; rank(P) = rank(P) Every di erent non-singular P matrix results in a di erent set of independent groups which are related by a matrix transformation 3]. Choosing P = I 4 4 minimizes the number of variables appearing in each group. For the SFL system, this means that the variables I h ; EI; a 1 ; a 2 , will each occur in only one group. Proceeding with P = I 4 4 , and solving for the exponents, the four groups obtained from (2) (6) The results indicate that the dynamics of the SFL are characterized by only four nondimensional groups. This is signi cant, since it means that any SFL manipulators with the same values for these nondimensional groups will exhibit the same dynamic behaviour.
III. Modelling
In this section, the nondimensional equations of motion (6) for the SFL will be explicitly determined. A result of this normalization process is the occurrence of nondimensional groups in the dynamic equations. From the results of dimensional analysis it is known that the nondimensional dynamics depend on four nondimensional groups (5), so it is expected that these groups will occur during the derivation of the equations of motion.
A. System Model
The SFL is modelled in a pinned-free con guration. The geometry of the link constrains de ections to the horizontal plane. De ections due to gravity are assumed negligible. A Rayleigh damping model is used, in which the damping is assumed to be proportional to a linear combination of the system inertia and sti ness 4]. That is, there exist factors, a 1 (units: s ?1 ), and a 2 (units: s), such that, damping = a 1 (inertia terms) + a 2 (sti ness terms) The variables used to describe the SFL dynamics are now described. For the pinned-free model, the variable q 0 (t) (units: radians) is used to represent the angular position of the rigid mode, and the de ection is expressed as a sum of normal mode shapes, i (x) (units: metres), weighted by the nondimensional modal coordinates, q i (t) 4]. The i th mode has natural frequency ! i (units: rad/s), and modal damping ratio i , where,
The hub inertia and beam inertia are denoted by I h and I b respectively. The external control torque applied at the hub is denoted by H(t).
Notice that the damping constants, a 1 and a 2 , are physical material properties, whereas, i is a property of the i th vibration mode. Practically, it is easier to measure the modal damping ratio, than the proportionality constants a 1 and a 2 . Also, given measured values for i and ! i for the rst two modes, the values of a 1 and a 2 can be easily calculated using (7) Substituting the above into (8) and (9), and simplifying gives the nondimensional equations of motion for the SFL,
where now, (_) is a time derivative with respect to nondimensional time , and ( 0 ) is a spatial derivative with respect to the nondimensional position . The nondimensional applied torque, H nd ( ), is de ned to be,
Nondimensionalizing (10) gives the equation for the nondimensional mode shapes,
Notice that both sides of the equations are nondimensional.
The output variable of interest is the tip position of the link. The dimensional equation for the arc length to any point, x, on the link is given by, R(x; t) 4 = xq 0 (t) +
The output of the nondimensional system is taken to be the nondimensional arc length to the tip of the link (x = L; = 1). Nondimensionalizing the above expression for R(x; t), and substituting = 1 gives the nondimensional tip position,R
B.3 Nondimensional Groups From equations (11), (12), and (13), four nondimensional groups can be identi ed and related to the nondimensional groups determined using dimensional analysis, Again, it is important point to note that all SFL systems with the same values for these nondimensional groups will exhibit the same dynamic behaviour.
IV. Tolerances for Nondimensional Groups
In theory, two di erent SFL systems are considered to be dynamically equivalent if and only if the values of the nondimensional groups, I b=h ; S;â 1 ;â 2 are exactly the same for both systems. Practically, this constraint is very dicult to achieve because of manufacturing imprecision. This section addresses the issue of nding tolerances for the nondimensional groups. With such tolerances, the degree to which two di erent SFL systems exhibit nearly similar dynamics can be determined. In this section, the notation ( ) 1 and ( ) 2 will be used to denote the parameters pertaining to systems 1 and 2 respectively.
A. Tolerances for S From (15), the time scale frequency , is the only nonphysical system parameter present in S. In this sense, is a free parameter whose value can be set to adjust the value of S required to meet the dynamic equivalence condition.
Since t = 1 , increasing or decreasing e ectively slows down or speeds up the system response. 
In forcing the mode shape to satisfy the pinned-free boundary conditions, it can be shown 3] that the i satisfy the transcendental equation,
From (16) and (17), it is apparent that a variation in the value of I b=h will a ect the nondimensional SFL modal frequencies!. The bold notation indicates a vector of modal frequencies. Given SFL system 1 with (I b=h ) 1 , construction of a dynamically equivalent SFL system 2 is desired. For dynamic equivalence (I b=h ) 2 = (I b=h ) 1 , and (!) 2 = 2! is required. Let the actual values be denoted by ( I b=h ) 2 , and ( !) 2 . By relating the error between (I b=h ) 2 and ( I b=h ) 2 to the corresponding error between (!) 2 and ( !) 2 , a measure of how \close" the actual system is to the theoretical dynamically equivalent system will be obtained.
Tolerance Derivation
Consider the i th mode, and de ne a range around (! i ) 2 such that ( ! i ) 2 is within the range. That is, de ne a variable p, 0 p < 1, such that,
where the range of p ensures that (! i ) p ? > 0. Notice that p de nes the relative error between (! i ) 2 and ( ! i ) 2 Notice that 0 p < 1 ) 0 < p < 2. For system 2, let ? i 2 represent the value of the imperfect damping ratio for the i th mode, and let ( i ) 2 be the value of the damping ratio that will give dynamic equivalence. Therefore,
The error in ( i ) 2 can be determined by examining the absolute error between Thus, for a chosen damping ratio tolerance, , computing k 1 ; k 2 , and p will determine if the actual system is within a speci ed tolerance of the dynamically equivalent system.
D. Summary
In the previous sections, the SFL nondimensional equations of motion have been determined, and the nondimensional groups which characterize sets of dynamically equivalent SFL manipulators have been identi ed. Also, tolerances have been determined for the nondimensional groups to assist in the construction of dynamically equivalent SFL systems. Controller design provides one application for the use of these nondimensional equations. A controller designed for this nondimensional system will itself be nondimensional. The goal is to determine controller scaling laws that allow this nondimensional controller to be scaled so that it can control any dynamically equivalent SFL manipulator in the set described by the nondimensional groups.
V. Controller Scaling Laws
A CT controller can be designed for the nondimensional SFL system described by equations (11),(12),(13), and this controller will also be nondimensional. Moreover, the same nondimensional controller will control equally well all SFL systems which have the same values for the nondimensional groups. In order to apply this nondimensional CT controller to a particular SFL manipulator, a scaling law has to be determined which will redimensionalize the controller. Practically, controllers are implemented using difference equations on a computer. By using the bilinear transformation to convert controllers from DT to CT, the scaling laws developed for nondimensional CT controllers can still be used. In this section, the derivation of the CT scaling laws will be followed by the DT scaling laws. The development here is restricted to linear controllers.
The following scaling relationships exist between the dimensional ( ) d and the nondimensional ( ) nd domains,
where T ; R; H are time, position, and control e ort specications respectively. Notice that the nondimensional control e ort results from scaling the magnitude of the dimensional control e ort, and then stretching or compressing it in time. The quantities which the nondimensional variables represent will be indicated by the terminology: time units, length units and torque units for nondimensional time, position, and control e ort speci cations respectively. 
Notice that (30) is still nondimensional, and hence, the nondimensional gain,K, must also be scaled. Since the transfer functionĈ is a ratio of control torque to position, the gainK is scaled by multiplying the numerator by 2 I h , and the denominator by L. By making these substitutions in (30), a dimensional controller, C(s), is obtained as,
where the following CT scaling laws hold for the dimensional zeros(p i ), poles(q j ), and gain(K):
B. DT Controller
The scaling laws developed in (32) apply to CT controllers. By using the inverse bilinear transformation to convert controllers from DT to CT, the scaling laws in (32) can be used 10]. Therefore, a dimensional DT controller on one SFL system can be scaled to a dimensional DT controller for a dynamically equivalent system by scaling via the nondimensional domain.
Taking the Z-transform of a general controller di erence equation, and rearranging gives the corresponding DT controller transfer function,
where the compact notation, fK z ; (p z ) i ; (q z ) j g, is used to indicate the gain, zeros, and poles of the DT controller C(z). The corresponding CT controller transfer function, C(s) = fK; p i ; q j g, can be found by using the inverse bilinear transform, with a sample time T, in (33). The poles, zeros, and gain are related to their DT counterparts by,
(1 ? (q z ) j ) ;
Given the CT controller in (34), the scaling laws from (32) can be used to determine the equivalent nondimensional zeros, poles, and gain. That is,
Consider two dynamically equivalent dimensional SFL systems. Given a DT controller for system 1, C 1 (z) = fK z1 ; (p z1 ) i ; (q z1 ) j g, the scaling problem is to nd the DT controller for system 2. Using (34) and (35), the nondimensional CT controller,Ĉ(ŝ) = fK;p i ;q j g can be found in terms of the system 1 DT controller,
Using the robot parameters for system 2 ( 2 ; (I h ) 2 ; L 2 ), these nondimensional values can be scaled using (32) 
Notice that the scaling laws in (38) are greatly simpli ed if = 1. From (36) this implies that T 2 = 1 2 T 1 , which means that the sampling rate is also scaled from system 1 to system 2. For = 1, the scaling laws reduce to, (p z2 ) i = (p z1 ) i ; (q z2 ) j = (q z1 ) j ;
If 6 = 1, the sampling time has not been scaled. From an implementation point of view, this corresponds to the more realistic situation where the available equipment may not allow the sampling time to be arbitrarily set. When 6 = 1, the zeros, poles, and gain of the scaled controller are adjusted accordingly (38), to ensure that the scaled system continues to exhibit the dynamics similar to the original system.
VI. Applications of Scaling Laws
The CT scaling laws developed apply to any linear controller that can be expressed as a rational transfer function (31). This includes such controllers as lead-lag, PD, H 1 , and H 2 . Similarly, the DT scaling laws developed apply to any linear controller that can be expressed as a di erence equation. Two examples will be used to illustrate the applicability of the CT and DT scaling laws. To show how the CT scaling law works even for sophisticated control strategies, a nondimensional two-parameter H 1 controller is designed, and then scaled to apply to dimensional SFL systems. In the second example, a discrete-time PD controller is designed and scaled using the DT scaling laws so that it can be applied to a second manipulator. Both examples were experimentally veri ed in 3], 9], 10]. The di culty in actually constructing two dynamically equivalent systems is illustrated by the di erences in the computed values of the nondimensional groups. From section IV, the e ect of these di erences on the dynamic equivalence of the two systems can be determined. From subsection IV-B, it can be shown that the error in I b=h corresponds to only a 0:035% di erence between the actual system frequencies and those required for dynamic equivalence. Since both systems are constructed of aluminum, the damping proportionality factors for both systems are the same: ( a 1 ) 2 = (a 1 ) 1 and ( a 2 ) 2 = (a 2 ) 1 . Thus, k 1 = ( ) 1 ( ) 2 section IV-C, the damping ratio tolerance is 0:30. This means that the error inâ 1 andâ 2 corresponds to at most a 30% di erence between the actual damping ratio and that required for dynamic equivalence. This tolerance bound is larger than desired. However, because system 1 is lightly damped, ( i ) 1 = 0:01, a 30% deviation from this damping ratio still results in a lightly damped system 2, Nondimensional System Parameters ( i ) 2 2 0:007; 0:013]. Therefore, these di erences will be assumed to be negligible, and both these dimensional SFL systems will be considered to be members of the family of SFL manipulators characterized by, I b=h = 15:02; S = 1:0;^ i = 0:01
All the information that is required for the nondimensional dynamic equations is listed in Table I for the rst ve modes. The parameter values for systems 1 and 2 can be found by scaling the nondimensional results in Table I. B. CT Scaling Law Application: H 1 Control Strategy
The H 1 control strategy is a frequency domain technique to design a stable controller which provide robust performance to a family of plants with respect to unstructured uncertainty or perturbations. Figure 1 
B.2 Responses of Dimensional Systems
To see how this controller will perform in the dimensional domain on actual SFL manipulators, the CT scaling laws (32) are used to scale the controller transfer functions. The controllers are then applied to their respective dimensional SFL systems described at the beginning of the section. Recall from (14) that the system output is taken to be the arc length traversed by the tip of the link. The reference signal for the nondimensional step response wasR(1; ) = 1 length unit. In order to compare the dimensional step responses to the nondimensional step response, the reference signals for each system must be scaled. Thus, for system 1, R 1 (1; t) = 1m, and for system 2, R 2 (0:91; t) = 0:91m. The resulting step responses and control e orts for each system are shown in Figures 3 and 4 . The gures show the simulated and experimental results. It is evident that the simulated responses for systems 1 and 2 could have been predicted directly from the nondimensional step response (Figure 2 ). This is seen by comparing system 2 and the nondimensional response. Stretching the dimensional time axis by the time scaling factor of ( ) 2 The experimental step responses and torque pro les validate the theoretical results obtained in simulation. In both cases, the slight discrepancy between the experimental and simulated results can be explained by unmodelled hub stiction and by unmodelled system dynamics. To determine the equivalent scaled controller for system 2, two cases were considered. First, the sampling time, T 2 , was scaled using T 2 = 1 2 T 1 = 8:612ms. Second, the sampling time T 2 was kept at T 2 = T 1 = 10ms. is non-zero, the di erence equation corresponds to a PD controller with an additional torque feedback term. Since the sample time is not scaled, the value for q z2 represents a corrective torque to ensure that the scaled system will exhibit the same dynamics as the original system.
C.1 Experimental Responses
For both systems, the desired trajectory for the hub position is a step input of 1 radian (r(t) = (1?e ? t 0:05 ) radians was implemented). The output of interest is the tip position of the link (14). For a hub rotation of 1 radian, the tips of systems 1 and 2 should trace arc lengths of 1m and 0:91m respectively. The experimental responses are given in Figures 5, 6 , and 7. The steady state error in tip position can be attributed to cable drag on the SFL apparatus. Notice that again all the three responses have similar pro les. In fact, the system 2 responses can be obtained by scaling system 1 as follows: time axis by 1 2 , position axis by L2 L1 , and torque axis by 2 2 (Ih)2L1 2 1 (Ih)1L2 . Thus, the system 2 response can be predicted directly from the response of system 1. Also, from Figure 7 , it is seen that even if the sampling time is not scaled, the response of system 2 can still be predicted from the response of system 1.
VII. Conclusions
Dimensional analysis is used to determine the nondimensional groups which characterize the dynamics of SFL manipulators. The corresponding nondimensional dynamic equations are also found. Tolerances are developed for the nondimensional groups to allow for imprecision in the construction of actual SFL manipulators. It is shown that it is possible to design one nondimensional CT controller for a group of dynamically equivalent systems, and then to scale this controller using the CT scaling laws (32) to control any dimensional SFL manipulator within the group. For controllers implemented by di erence equations, the DT scaling laws (38) de ne the transformations that scale a DT control law from a dimensional system to another dynamically equivalent SFL manipulator. Furthermore, in both the CT and DT cases, the performance of any dimensional SFL manipulator can be predicted directly by simply scaling the results obtained on any other dynamically equivalent manipulator in the group. These theoretical results were veri ed experimentally for an H 1 and a PD control strategy.
Current research involves extending the ideas presented in this paper to multi-link robot con gurations. Preliminary results indicate that the methodology used to derive the nondimensional equations of motion for the SFL is applicable to systems represented by nonlinear equations. The investigation of a scaling law for nonlinear control strategies is ongoing.
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